A simple model of small world quantum networks, in which a central node plays essential role, is introduced for sharing entanglement over long distances. In view of the challenges in setting up advanced quantum labs which allows only few nodes in a network to play a central role, this kind of small world network may be more relevant for entanglement distribution. It is shown that by only adding a small number of short-cuts, it is possible to produce maximally entangled pairs between arbitrary nodes in the network. Besides this, the threshold values for the initial amount of entanglement and the distance between nodes, for obtaining a highly entangled states shared between remote points are also investigated.
Introduction
When quantum communication [1] becomes a reality and a commonplace in the technology of the future, entangled states will be an essential ingredient in the networks which are to carry these communications. One can imagine that there will be networks of many nodes where bi-partite maximally entangled states created between distant nodes act in one way or another as carrier of quantum information. The climax of this will be the quantum internet [2] . Being a very fragile resource against noise, which inevitably is more destructive as the distance increases and as time passes, one can use quantum repeaters [3] [4] for purifying two partially entangled states shared over short distances to a maximally entangled state over longer distances. The simplest example is shown in figure (1) , where one repeater at site R makes a Bell measurement on the two qubits at this site and thus the partial entanglement [5] between two pairs AR and RB, is swapped with a maximally entangled state at AB, |φ AR = |φ RB = φ|00 + 1 − φ|11 0 ≤ λ ≤ 0.5. This measurement produces with probability P = 2φ(1−φ) a maximally entangled state between the labs A and B |φ 0 AB = 1 √ 2 (|00 + |11 ) and with probability 1 − P a state |φ 2 AB = 1
which is even less entangled than the original one. This state can in turn be converted (distilled) to a maximally entangled state with probability
The total Singlet Conversion Probability [6] sums up to For larger distances, i.e. in linear networks like the one shown in figure (2), when more repeaters are used, one can repeat this procedure and obtain the total Singlet Conversion Probability. This has been done in [7] and a very good approximate result is given by
For large N , the SCP (N ) is bounded above by [7] 
which shows that unless we start with perfect Bell pairs (φ = 1 2 ), the success probability for generating Bell pairs between distant labs decreases exponentially by the number of repeaters. This discouraging result for linear networks, has prompted investigation of entanglement percolation [6] and entanglement distribution [7] in regular one-and two-dimensional networks with various (i.e rectangular, triangular and hexagonal) geometries. In particular it has been shown that the SCP can reach unit value in a finite number of steps, provided that the initial entanglement between pairs exceeds a threshold value φ t , which depends on the geometry. To come a little closer to networks in real life, quite recently random quantum networks have been studied [8] . In these networks, which are adaptation of the Erdos and Renyi random graphs [9] to the quantum domain, pairs of nodes are maximally entangled with a probability p and are disentangled with probability 1 − p. It has been shown that any quantum subgraph can be generated by Local Operation and Classical Communication (LOCC) if p ∼ N −2 , N being the size of the nodes.
While random graphs have some interesting features in common with real networks, like short average distance between nodes, they fail to simulate all the properties of real networks. In particular they do not show the important property of clustering. In real networks, two nodes which are the neighbors of a given node have a much higher probability of being connected together, compared with two arbitrary nodes. This is measured by the clustering coefficient C [10] which is the the fraction of neighbors of a given site which are nearest neighbors of each other. For a rectangular graph in any dimension C = 0, and for a fully connected graph, C = 1. For a regular 2D triangular lattice, C = 2 5 (any node in such a graph has 6 neighbors which are connected to each other, while the total number of pairs is 6 2 = 15.). Small world networks [11] are models of networks in which both properties, namely small average distance and clustering property are present.
The ubiquity of small world networks makes it very desirable to investigate the problem of entanglement generation in such networks. A simple model was first introduced by Watts and Strogatz in [11] , (figure (3)), where a ring of N sites is considered in which every site has a number of s neighbors. Depending on the value s, this provides the clustering property of the network. The other element of a real network is the low average distance between the nodes which is provided by random short-cuts in the lattice. Therefore in figure (3), with probability p a node's connection to its nearest neighbor is cut in favor of a new long range connection to a distant node. Small world networks have been studied in the quantum domain in a number of contexts, like transportation of excitations [12, 13] , and also as realistic models of random networks for entanglement distributions [8, 7] . In this work, we are not concerned the Watts and Strogaz whose quantum version has been studied in [8] . Instead we consider an even simpler model first introduced in [14] , where all shortcuts are made, with a probability p to a central node in the graph. This model is much more relevant to quantum networks since it is plausible that there should be only very few nodes (labs) which can afford full-fledged facilities for producing entangled states and sharing it with arbitrary labs in a future quantum network, figure (4). The central node in this figure can even represent a satellite to which other labs on the Earth which are out of sight of each other, share entangled states. The shared entangled states with the satellite are depicted by shortcuts to the center in figure (4) . Entanglement swapping on the satellite then provides entangled states between these remote labs. Under these circumstances, natural questions arise which we will investigate in this paper. In particular we are interested in the following questions:
1-How the threshold value of the initial entanglement between the pairs depend on the number of shortcuts, if we want to maximally entangle distant points in this network?
2-For a given value of initial entanglement between the pairs, is there a critical number of shortcuts above which arbitrary pairs of labs far from each other can still establish maximally entangled states between themselves?
The answers to these questions are summarized in figures (7) and (8) . From figure (7) we see that even a small number of shortcuts and a small value for clustering coefficient has an appreciable effect on entanglement distribution in these networks.
The paper is structured: In section (2), we briefly review the small network model of [14] and derive its properties. In section (3) we calculate the singlet conversion probability for this network and present the results in two figures (7) and (8) . The paper ends with a discussion. [14] . There is one node (central lab) in the network which has a central role and other nodes in the graph are connected to this node with probability p, creating shortcuts which drastically lower the shortest path between remote points which is the characteristic property of small world networks. Due to its simple structure, many of the statistical properties of these networks have already been studied in various papers [15] . Here we want to study the same network in the context of quantum technology. Thus in the network shown in figure (4) , each link denotes a partially entangled state of the form (1) shared between the two nodes (labs) at the end of the link. The structure of the network indicates that each lab can share these states with its nearest neighbor lab, but the central node can share partially entangled states (1) with any other lab.
Let n be the total number of nodes on the circle, then the average number of shortcuts is given by m = np. When n −→ ∞, two distinct limits can be considered, one in which p −→ 0 such that the number of shortcuts m remains finite and the other in which p is finite in which case the number of shortcuts too tends to infinity. The clustering coefficient of this network is p 2 , since the probability that the two neighbors of a given node are connected to the central node is p 2 . For simplicity we count the length of each shortcut as 1 2 . Consider two points whose shortest path along the ring is r. We call this the regular distance of the two nodes. In the absence of shortcuts, this is the only shortest path between the two points. When p > 0, the average shortest path between these points is denoted by l(r). This is called the actual distance of the two nodes. We now consider two different networks, one in which the links on the ring are directed and one in which there is no direction on these links. In both cases the shortcuts to the ring are not directed. Obviously analysis of the directed ring is much easier than the undirected ring. However in the context of quantum networks, where a link means the possibility of creating an entangled pair, there is no point in assuming a direction on the links and it is the undirected graph which we should take into account. Nevertheless it is instructive to first review some of the classical properties of the directed rings for entanglement distribution and then extend this study to the undirected graphs.
Small world graph with directed links
Consider the directed graph in figure (5) . Let a and b be two nodes with regular distance r. The probability that their actual distance is is given by [14] 
The average shortest path, between any two points can be calculated in closed form, although the expression is not so illuminating. Instead we draw in figure (6) the average shortest path (l) as a function of p for several values of N . When the graph is undirected, analytical calculation of the probabilities and the average length become more involved. The result is [14] 
However the qualitative behavior of the probabilities do not have much difference with the directed network. 3 Entanglement generation in a small world quantum network
We are now in a position to consider the problem of entanglement generation in the small world network. Let a and b be two points with regular distance r. Obviously we should consider only undirected graphs for which P ( |r) is given in equation (6) . In the absence of any shortcuts, when p = 0 the singlet conversion probability for these two sites is given by SCP (r, φ) as in equation (3). When p = 0, the two sites can create a singlet with probability through the shortest paths provided for them. The average number of shortcuts in this case is equal to m = np. Each path is provided with probability P ( |r) and the average SCP for these two sites will be given by
where SCP ( , φ) is given in (3) and P ( |r) is given in (6) . To answer the first question posed in the introduction, i.e. the probability of success for creating a singlet between the two distant labs, we consider SCP (r, φ, m) := SCP ( n 2 , φ, m) for three different distances r = 20, 80 and 500 in a network of N = 1000 nodes. Several interesting features are observed in these figures. First we see that when the initial shared states are maximally entangled (i.e. φ = 0.5), there is no need for any shortcuts in order to entangle distant nodes, no matter how far apart they are. This is because these nodes can use the links along the circular network and can successfully extract a Bell state with SCP=1. No matter what is the distance between these labs, the SCP is always 1 in view of Eq. (3). For short distances say r = 20 (figure 7.a), one can still obtain large SCP, with a small number of shortcuts, even if the shared states are not maximally entangled. For any value of φ < 0.5, there is a threshold number of shortcuts above which one can establish maximally entangled states with high SCP. This threshold value increases with distance, but it is seen from the figures (7.b) and (7.c) for large distances, its value approaches a fixed value. This is explicitly depicted in figure (7) . It is seen that for short distances, the distant labs can always use the links around the circular network to extract maximally entangled states. At these distances the addition of shortcuts does not have much effect. As the distance increases, we find a threshold distance beyond which, a certain number of shortcuts, is needed for attaining an SCP of 2/3. For the value of φ = 0.45, the threshold distance is around r 0 ≈ 20 and the threshold value is around m ≈ 50. If we now increase the threshold SCP to 3 4 , the required number of shortcuts increases to twice the previous value and also the distance below which an SCP of 3 4 is possible in the absence of shortcuts reduces to half of its previous value. These are shown in figure (8) . The interesting feature is that the number of shortcuts remains constant after a distance. The reason is that by increasing the number of shortcuts and making them denser in the network, the shortest distance between two points does not necessarily decrease further. Here for distance bigger than 10 links, shortcuts are necessary in order to achieve an SCP of 3/4. In both figures, the interesting feature is that the number of required shortcuts saturates to a constant value after a specific distance. The reason is that by increasing the number of shortcuts and making them denser in the network, the shortest distance between two points does not necessarily decrease further. This result has certainly practical consequences.
Conclusion
In this letter we have briefly discussed a very simple model for entanglement distribution in small world networks. The network has a central node ( a central lab, i.e. a satellite, which can share entangled states with all the other labs in the network. We have determined to what extent distant labs in the network can share maximally entangled states, if initially they have shared only partially entangled states with their neighboring labs and with some probability with the central lab. We have obtained the threshold values for the number of shortcuts, the initial value of entanglement and the distance between nodes, for obtaining a highly entangled states shared between remote points. This last quantity is measured by a quantity called Singlet Conversion Probability (SCP). The results are shown in figures (7) and (8) . It would be interesting to investigate how the number of central labs can change this results. Moreover the same model with one central node, can be modified to exhibit one other characteristics of small world networks, namely the clustering property. This is done simply by connecting each node on the ring, not only to its nearest neighbors, but to a small number of its neighbors. We have found that this clustering property does not appreciably affect the main results reported in figures (7) and (8) .
